Meta-conformal transformations are constructed as dynamical symmetries of the linear transport equation in d spatial dimensions. In one and two dimensions, the associated Lie algebras are infinite-dimensional and isomorphic to the direct sum of either two or three Virasoro algebras. Co-variant two-point correlators are derived and possible physical applications are discussed.
Introduction
Conformal invariance has found many brilliant applications, for example to string theory and high-energy physics [52] , or to two-dimensional phase transitions [7, 24, 31, 54] or the quantum Hall effect [14, 25] . These applications are based on a geometric definition of conformal transformations, considered as local coordinate transformations r → r ′ = f (r), of spatial coordinates r ∈ R 2 such that angles are kept unchanged. 1 The Lie algebra of these transformations is naturally called the 'conformal Lie algebra'.
In view of these successes, it appears natural to ask if at least some ideas of conformal invariance can be brought to bear on dynamical problems. Indeed, the first attempt we are aware of concerns the critical dynamics of a two-dimensional statistical system [15] . In general, the global scaling of time and space coordinates is distinguished by the dynamical exponent z, according to t → t ′ = b z t and r → r ′ = br. In general, z has a non-trivial value [56] . Starting from the well-established conformal invariance in the spatial coordinates, with a generic spacedependent re-scaling factor b = b(r), for generic z, generalised conformal transformations are derived for both two-time correlators and two-time response functions.
2 However, it seems that the absence of supporting physical examples led to the abandon of this idea. We shall present here the first example where this idea can be implemented, and the associated Lie algebra generators be explicitly constructed, at least for a dynamical exponent z = 1.
Concerning symmetry approaches to dynamics in the presence of a dynamic scaling behaviour, it turned out to be more fruitful to rather consider conformal transformations in time, e.g. t → αt+β γt+δ with αδ −βγ = 1, and then to choose the spatial transformation such as to obtain a closed Lie group. The free diffusion equation has such a dynamical symmetry, by now usually called the Schrödinger group [50] , with dynamical exponent z = 2. In any space dimension, this non-semi-simple Lie group has an infinite-dimensional extension, the Schrödinger-Virasoro group, although one usually analyses its Lie algebra [29, 57] . Analogous ideas can be brought forward for generic values of z [32] , lead to explicit prediction for the scaling form of the twotime response function and have been tested in a large variety of non-equilibrium systems which undergo dynamical scaling, see [34] for a review and [40] for a tutorial introduction.
In this work, we shall be interested in systems which undergo dynamical scaling with a dynamical exponent z = 1. Trivial examples would be given by conformally invariant critical systems at equilibrium, where one of the spatial direction would be relabeled as 'time'. For the sake of a clear distinction, we refer to the 'standard' conformal transformations, which keep angles unchanged and mentioned so far, as ortho-conformal transformations. Here, we shall be interested in Lie algebras of time-space transformations, which as Lie algebras are still isomorphic to the ortho-conformal Lie algebra or at least contain it as a sub-algebra, but which no need to be angle-preserving. Such transformations will be called meta-conformal transformations [38, 39] . To make this idea explicit, consider the infinitesimal generators, acting on a two-dimensional time-space with points (t, r) ∈ R 2 [32] X n = −t n+1 ∂ t − µ −1 [(t + µr) n+1 − t n+1 ]∂ r − (n + 1) γ µ [(t + µr) n − t n ] − (n + 1)xt n Y n = −(t + µr) n+1 ∂ r − (n + 1)γ(t + µr)
where x, γ are constants and µ −1 is a constant universal velocity ('speed of sound or speed of light'). The global dilatations are generated by X 0 and it is easy to see that indeed z = 1. Clearly, these infinitesimal transformations are not angle-preserving in the time-space (t, r) ∈ R 2 , but their Lie algebra X n , Y n n∈Z obeys
The isomorphism of (1.2) with the ortho-conformal Lie algebra can be seen by writing X n = ℓ n +l n and Y n = µ −1l
n . Then the generators ℓ n ,l n n∈Z satisfy [ℓ n , ℓ m ] = (n−m)ℓ n+m , [l n ,l m ] = (n − m)l n+m , [ℓ n ,l m ] = 0. Provided µ = 0, the Lie algebra (1.2) is isomorphic to a pair of Virasoro algebras vect(S 1 ) ⊕ vect(S 1 ) with a vanishing central charge [32, 55] .
The meta-conformal generators (1.1) are dynamical symmetries of the equation of motion Sφ(t, r) = (−µ∂ t + ∂ r )φ(t, r) = 0.
(1.3)
Indeed, since (with n ∈ Z)
a solution φ of with scaling dimension x φ = x = γ/µ is mapped onto another solution of (1.3).
Hence the space of solutions of the equation (1.3) is meta-conformally invariant. This is the analogue of the familiar ortho-conformal invariance of the 2D Laplace equation.
Several different types of physical systems with dynamical exponent z = 1 are known. First, the dynamical symmetries of the Jeans-Vlassov equation [43, 59, 41, 49, 58, 12, 13, 23, 53] in one space dimension are given by a representation of (1.2), distinct from (1.1) [55] . Second, the 'nonrelativistic limit' µ → 0 in the above generators yields a Lie-algebra contraction of (1.2) whose result is called 'conformal galilean algebra' cga(d) [28] or 'bms-algebra' bms 2+d [9] , since the contracted generators are immediately generalised to d ≥ 1 spatial dimensions, and rotations by arbitrary time-dependent angles appear for d ≥ 2. Remarkably, the Lie algebra cga(d) is not isomorphic to the Schrödinger (or Schrödinger-Virasoro) Lie algebra in d dimensions [33, 22] . Applications arise in hydrodynamics [61] or in gravity, e.g. [5, 1, 2, 48, 6, 3] , and the bootstrap approach has been tried [48, 4] . Third, the non-equilibrium dynamics of quantum quenches generically has z = 1, related to ballistic spreading of signals, see [10, 11, 21] and this apparently holds both for quenches in the vicinity of the quantum critical point [18] as well as for deep quenches into the two-phase coexistence region [60] . The available examples suggest that the value z = 1 should be robust with respect to the change from closed to open quantum systems. Forth, effective equations of motion of the form (1.3) arise in recent studies of the generalised hydrodynamics required for the description of strongly interacting non-equilibrium quantum systms [8, 16, 19, 17, 51, 20] .
In table 1 we collect the coordinate transformations of these examples of infinite-dimensional groups of time-space transformations. While the physical interpretation of the co-variant npoint functions of ortho-conformal invariance as correlators is long-established, for the other groups a systematic extension of the Cartan sub-algebra must considered [33, 36, 37] . This yields either causality conditions appropriate for a response function or symmetry conditions as expected for a correlator (this construction has not yet been carried out for the metaconformal transformations in two dimensions). 3 The additional time-dependent rotations of group coordinate changes co-variance Table 1 : Several examples of infinite-dimensional groups of time-space transformations, with the defining coordinate changes. Herein, f,f , θ are arbitrary functions, and a an arbitrary vectorvalued function, of their argument. In addition, z,z are (complex) light-cone coordinates, ρ = t + µr and w = t + βz,w = t + βz. The physical interpretation of the co-variant n-point functions as either correlators or responses is based on the extension of the Cartan sub-algebra [35, 36, 37] .
the Schrödinger and conformal galilean groups for d ≥ 2 dimensions are not explicitly listed.
Only the ortho-conformal transformation include rotations between the 'time' and 'space' coordinates.
Here, we wish to investigate the existence of meta-conformal dynamical symmetries in more than one spatial dimension. We shall therefore look for dynamical symmetries of higherdimensional analogues of ballistic transport equations. In trying to find such algebras, explicit constructions will begin with the maximal finite-dimensional subalgebra X n , Y n n∈{0,±1} , where X −1 , Y −1 are time and space translations, respectively, X 0 is the dilatation generator, Y 0 is the generator of generalised Galilei transformations and X 1 , Y 1 are 'special' meta-conformal transformations.
In section 2, we begin by adding some further aspects of the 1D meta-conformal case, especially the finite transformations listed in table 1 and also a generalisation of the representation of the Lie algebra (1.2). From this, an ansatz for the d-dimensional construction is extracted and used in section 3 to find the generic form of the generators. Particular attention will be devoted to construct the terms which will describe how primary scaling operators will transform under meta-conformal transformations. In section 4 we shall concentrate on the special case of d = 2 dimensions, where stronger results are found. First, we find that there exist two distinct, non-isomorphic symmetric algebras, which are distinguished by the values p = −1 and p = 1 3 of a certain parameter which arises in the construction. Second, in the case p = −1, we shall show that the symmetry algebra is infinite-dimensional and isomorphic to the direct sum of three [37] . Bootstrap approaches should reproduce these singularity-free forms.
Virasoro algebras (without central charge). As shown in table 1, the corresponding Lie group includes ortho-conformal transformations of the spatial variables as a sub-group. The timedependent transformations might be used to generate the temporal evolution of the physical system. Indeed, the co-variant two-point function is explicitly seen to describe the relaxation towards an ortho-conformally two-point function, which reflects the meta-conformal aspects in this Lie group. On the other hand, in the case p = 1 3 , we only suceeded to find a finitedimensional Lie group of dynamical symmetries. The form of the co-variant two-point function is distinct. We conclude in section 5. An appendix gives the details for finding explicitly the finite transformations from the Lie algebra generators.
2 Meta-conformal algebras: general remarks 2.1 Finite 1D meta-conformal transformation
In order to obtain a better geometric picture of the meta-conformal transformations (1.1), we begin by deriving the corresponding finite 1D meta-conformal transformations. Formally, they are given by the Lie series F Y (ε, t, r) = e εYm F (0, t, r) and F X (ε, t, r) = e εXn F (0, t, r), with the generators taken from (1.1). They are given as the solutions of the two initial-value problems
subject to the initial conditions F X (0, t, r) = F Y (0, t, r) = φ(t, r).
Rather than presenting the details of that integration (see the appendix for this), it is more instructive to look immediately at the result, see also table 1. A simple form is obtained by using the variable ρ = t + µr instead of r:
where a = a(ρ) and β = β(t) are arbitrary functions. By expanding β(t) = t + εt n+1 and a(ρ) = ρ + ερ m+1 the differential equations for the Lie series as they follow from the explicit generators can be recovered.
Eqs. (2.2) give the global form of the 1D meta-conformal transformations and the transformation of the associated primary scaling operators. Since this work is mainly interested in finding new meta-conformal symmetries, we shall leave the construction of the full conformal field-theory based on (2.2) to future work.
We also note the transformation of r as generated by X n 
while the generators X −1,0 , Y −1 are un-modified with respect to (1.1). For n, m, ∈ {0, ±1} they satisfy the following commutation relations
Although these commutators look different, the Lie algebra X n , Y n n∈{0,±1} ∼ = sl(2, R)⊕sl(2, R) is isomorphic to the ortho-conformal algebra [55, Prop. 1] and hence also to (1.2). Furthermore, the generators (2.4) are indeed dynamical meta-conformal symmetries of the 1D eq. (2.17), if the parameters are chosen as follows
Then the dynamical symmetries follow from the commutators
such that the solution space of (2.17) is indeed invariant.
In order to write an infinite dimensional representation of the algebra (2.5) we first obtain the generator X 2 from
Starting from a general form
and satisfying the system (2.8) we obtain
Next, the higher members of X n hierarchy can be obtained from the commutator
We obtain
(2.12)
Correspondingly, the higher members of Y n hierarchy are obtained by the commutator
One can conclude that an infinite-dimensional structure in the generators X n , Y n is possible to exist up to terms linear in α. However for n ≥ 2 the terms with higher power of α appear although the commutation relation of the algebra are steel valid for n = 3. In particular the strange coefficients in Y 4 alarms that the commutation relations are no more satisfied(see for
It follows that an infinite-dimensional representation of metaconformal algebra exists only for α = 0 and is given by the generators (1.1).
Ansatz for the d-dimensional case
Higher-dimensional analogues of the meta-conformal algebra (1.2) are sought as dynamical symmetries of a ballistic transport equation, of the form
where c ∈ R d is a constant vector, which naturally generalizes eq. (1.3).
Then the generators of translations and dynamical scaling are trivially generalized to the d-dimensional case
where δ stands for a scaling dimension. Then the form of all generators follows from the one of X 1 . We make the following ansatz
where α, p and k are scalars, β, γ are constant vectors and A, B are vector functions of their arguments. All these must be found self-consistently from the algebra we are goign to construct. The form of the X 1 is motivated as follows.
• Taking into account the form of X 1 , eq. (2.4) for d = 1 space dimension, we see that the sum of the prefactors of the terms quadratic in r must give unity
However, even in the simplest case when
the resulting form of X 1 eq. (2.19) is not rotation-invariant under the R ij (2.20). Therefore, it will be necessary to include rotations of the vectors β and γ such that the rotation generator becomesR
Furthermore, rotation-invariance of X 1 will require the possibility that A = 0 and B = 0. In addition, taking into account the commutation relation of the one-dimensional case
, it follows that A, B can at most be linear in r.
Additional restriction on the forms of X 1 come from the requirement that it should act as a dynamical symmetry of eq. (2.17). By 'dynamical symmetry' we mean the following required commutator [50] [B,
which implies that the space of solutions ofBϕ = 0 is invariant under the action of X 1 . As we shall see, this requirement leads to new relations between α, p and β. As an example, consider the case d = 3. From (2.23) it follows that δ = 0 and the following conditions
We look for a solution of the above system for β = 0. Straightforward calculations show that
• The case p = 1 leads to contradictions between some of the equations in the system. This means that in this case the generator X 1 cannot be a symmetry.
• For p = 1 we have following solution of the system (2.24)
and the condition (2.23) is satisfied, with λ(t, r) = −2t − (p + 1)(β · r). In particular, it follows that α = 0 is only possible for p = −1.
In certain case, where a more general form of X 1 with A = 0 or B = 0 is needed, the sought symmetries generated by X 1 can become conditional symmetries, that is some auxiliary conditions on the field Φ(t, r, β, γ) must be imposed. This comes from the fact that A = 0 and B = 0 are in general linear functions of r.
3 Meta-conformal algebra in d > 2 spatial dimensions
Our preliminary computations suggest a principal difference between the algebras which generalize the meta-conformal algebra mconf(1, 1) to mconf(1, d) for d = 2 and for d > 2. We shall consider this two cases separately beginning with generalization for d > 2. In particular we shall give possible representations of the algebra mconf(1, 3). Starting from the ansatz (2.19), we obtain
In particular for d = 3 case we have
3)
It follows than that for the solutions of the equation
that is for p 1 = −1 and p 2 = 1/3 one can write
Similar calculations shows that for the same values of
Looking at the expressions (3.5,3.6,3.7) we see two problems
• On the right-hand side the commutators give the generators R ij insteadR ij . In fact one can add directly R β i β j to R ij on the right-hand side because
On the other hand R γ i γ j can not be added directly. It can be obtained working with a more general form of X 1 (2.19) with A = 0 and appropriate form of B(r, β, γ) = 0 (we shall do this in the second subsection).
• The second problem is also in the right-hand sides of (3.5,3.6,3.7), namely they contain as pre-factors the components of vector β, which enter in generator of rotationsR ij and are considered as variables together with x, y, z and γ x , γ y , γ z . In order to obtain a closed algebraic structure, which contains the generators Y x,y,z
andR ij we must require
So to satisfy above we must fix β such that it is characterized by unique scalar non-zero parameter, that is if more than one of the components of β are non-zero, they must be equal(up to sign). We shall restrict to the case β x = β, β y = β z = 0, that is a ballistic transport in x direction.
3.1 Meta-conformal algebra in d = 3 space dimensions with β = (β, 0, 0) and γ = 0
Because of the fact that γ = 0, the generators of rotations have the usual form R ij = r i ∂ r j − r j ∂ r i . Then for α = 1 4
(p + 1)(p − 1)β 2 we obtain
From the above form of X 1 we can generate all other generators. Starting from
Next we obtain also
Furthermore, from the commutators
The nonzero commutators are
It follows than that the algebra
3.2 Meta-conformal algebra in d = 3 space dimensions with γ = 0
We first redefine the generator of rotations
Then we modify X 1 (3.10) by the following ansatz
where a, b, c and k are constants to be determined. Next we generate Y x,y,z 0
and Y x,y,z 1 in usual way. In particular we obtain
In order to satisfy the commutation relations relevant to the previous case (β = (β, 0, 0), γ = 0) 5 we first obtain b = a, c = −a(from [Y 
38)
39) Example:p = −1, a = 2, k = 2
Symmetries
We shall now verify whether the representations (2. 
We calculate
x,y,z • For γ = 0 and under condition that Φ γ (t, r) = Φ(t, r) that is only representations of the algebra depend on γ, the meta-conformal algebra left invariant the equations(3.52) for k = 1 and γ x = (1 − p)βδ.
• Finally, if the fields depend on γ, the condition they must satisfy is
In addition, k = 1 is required. It follows that we have on shell or conditional symmetry algebra of equation (3.52).
4 Meta-conformal algebra in d = 2 spatial dimensions
Generalisations of the one-dimensional case to d = 2 space dimensions(with points (t, x, y) ∈ R 3 ) can be proceed as follows. The generators of translations and dynamical scaling read
For this case the form of X 1 can be obtained from (2.19) putting A = B = 0 and k = 2. As we shall show it is the simplest case when one is able to find a closed algebraic structure. We write
and the generator of rotations reads
As seen before, we have [X 1 , R xy ] = 0. Combination with the translations gives the next two generators, namely
Because of (2.5), it is necessary to verify whether Y x 0 and Y y 0 commute or not. We calculate
where in the second row we have substituted α = We shall take up these two distinct cases separately.
The case p = −1
As mentioned in this case α = 0, so the generators X 1 , Y x 0 and Y y 0 reduce to
The last two generators Y 
It is turned out that the Lie algebra
is really closed if β x = β, β y = 0(or if β x = ±β y , see previous section), when β is just a parameter. However all the generators acts as dynamical symmetries of the linear differential equation(even for general β = (β x , β y ))
if γ x c x + γ y c y + δ = 0 (4.11)
In addition, under the conditions (4.11, 4.12), we also have
which implies the invariance of the solution space.
Infinite-dimensional extension
A better understanding of the algebraic structure behind the rather akward set (4.8) of commutators is obtained by choosing the coordinate axes such that the vector β = (β, 0) of the orientation of the ballistic transport is along the x-axis. This leads a first slight simplification (in what follows, because of (4.12), we simply have β = β x and β y = 0), in particular, the generator of rotations now reads
Considering the commutators between Y x n and Y y n , the peculiar signs arising suggest to go over to new generators
Then the commutators (4.8) simplify to (with n, m ∈ {±1, 0})
In addition, we go over to complex spatial coordinates z = x−iy andz = x+iy. The generators are then re-expressed as follows
where ∂ = ∂ z ,∂ = ∂z and the complex components γ := (γ x − iγ y ). The generators Y − n are obtained from Y + n by the replacements z →z, ∂ →∂ and γ →γ. Clearly, restricting to points (t, z) or (t,z), we recover the representation (1.1) of the meta-conformal algebra in d = 1 dimensions, restricted to n = 1, 0, 1.
The algebra (4.17) is identical to the non-local meta-conformal algebra found recently for the diffusion-limited erosion process in one spatial dimension [38, 39] . Therefore, we define the new generators
In the basis A n , Y + n , Y − n n∈{±1,0} , the Lie algebra (4.17) becomes the direct sum sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R). The above definition can now be extended to an infinite-dimensional set of generators, with n ∈ Z
n with the only non-vanishing commutators −γ β = 0. Herein, complex coordinates z = x − iy,z = x + iy and the associated derivatives ∂ = ∂ z and∂ = ∂z are used and γ,γ, δ are constants. The Lie algebra of dynamical symmetries is given by (4.21) and is isomorphic to the direct sum of three centre-less Virasoro algebras.
Working with the coordinates w = t + βz andw = t + βz, we see that the symmetries generated by Y ± n are ortho-conformal in the variables (w,w), while the action of the genertors A n are meta-conformal. This appears to be the first known example which combines ortho-and meta-conformal transformations into a single symmetry algebra. If δ = 0, we actually have a spectrum-generating algebra forB = A 0 . In spite of the symmetric formulation, the equation of motion (4.10) contains a bias, since the transport goes along the axis x = 1 2 (z +z), if β = 0.
Finite transformations
The finite transformations associated with the generators A n , Y + n , Y − n with n ∈ Z are given by the corresponding Lie series, for scaling operators which are scalars under spatial rotations. The final result is simple:
with the coordinates w = t + βz,w = t + βz and k = k(t), a = a(z),ā =ā(z) are arbitrary functions. Expandning these according to k(t) = t + εt n+1 , and analogusly for a(z) andā(z), the explicit differential equations for the Lie series can be recovered. Their direct integration is detailed in the appendix.
Eqs. (4.23) clearly show that the relaxational behaviour decribed by the 2D meta-conformal symmetry is governed by three independent conformal transformations, rather than two as it is the case for 2D conformal invariance at the stationary state.
Two-point function
A simple application of dynamical symmetries is the computation of covariantly transforming two-point functions. Non-trivial results can be obtained from so-called 'quasi-primary' scaling operators φ(t, z,z), which tranform co-variantly under the finite-dimensional sub-algebra A ±1,0 , Y ± ±1,0 . Because of temporal and spatial translation-invariance, we can directly write
where the brackets indicate a thermodynamic average which will have to be carried out when such two-point functions are to computed in the context of a specific statistical mechanics model. Extending the generators (4.20) to two-body operators, the covariance is then expressed through the Ward identities X
Each scaling operator is characterised by three constants ( δ, γ,γ). Standard calculations (along the well-known lines of ortho-or meta-conformal invariance) then lead to
where F 0 is a normalisation constant. This shows a cross-over between an ortho-conformal two-point function when t ≪ z,z and a non-trivial scaling form in the opposite case t ≫ z,z. We illustrate this for scalar quasi-primary scaling operators, where γ 1 =γ 1
If the time-difference is small compared to the spatial distance, the form of the correlator reduces to the one of standard, ortho-conformal invariance. For increasing time-differences t, the behaviour becomes increasingly close to the known one of effectively 1D meta-conformal invariance.
The case p = 1/3
We shall write the generators X 1 , Y x 0 , Y y 0 and non-zero commutation relations for β = (β, 0), that is for α = −(2/9)β
It is readily checked that [Y 
In addition the Lie algebra
acts as dynamical symmetry algebra of the linear differential equation
Indeed, one has in general that
In addition, we obtain
which proves the symmetries.
Looking at the structure of the algebra (4.30) it can be shown that
Two-point function
For this case, the two-point function is build by the quasi-primary fields φ(t, x, y, γ x = γ, γ y = λ) which transform covariantly under the algebra mconf B (1, 2)(4.30). Taking into the account the covariance of time and space translations we write
where t = t 1 − t 2 , x = x 1 − x 2 , y = y 1 − y 2 . The covariance under the other generators is expressed by the following system, to be satisfied by the F Next the above system is reduced as follows: the equation corresponding to X 1 is replaced by the one corresponding toX 1 = X 1 + tX 0 + xY . We obtain a reduced system acting on F = F 1 (t, x, y, γ, λ)
The general solution of the above equation is given by the product of a solution of inhomogeneous equation and general solution of homogeneous one. We obtain 
Conclusions
In this work, we have explored possible mathematical symmetries, using the linear ballistic transport equation as a simple starting point. Our main results are collected in table 1: The linear transport equation (1.3) admits in 1D and in 2D infinite-dimensional Lie groups of dynamical symmetries. In 2D, these symmetries contain ortho-conformal transformations of the spatial variables as a sub-group and describe the relaxation of the two-time correlator towards it. It will be possible to adapt constructions from local scale-invariance [34, 40] such that this Lie group can also describe the relaxation of single-time correlators, which is work in progress. Remarkably, the Lie algebra of dynamical symmetries in 2D is isomorphic to the one of the spatially non-local stochastic process of 1D diffusion-limited erosion [39] .
Furthermore, the 2D case actually admits two distinct, non-isomorphic symmetries. The meaning of these two distinct symmetries remains to be understood.
Given the considerable variety of strongly interacting systems with dynamical exponent z = 1, explicit model studies are required in order to see which of the several kinds of conformal invariance will describe one or several of the known physical situations. Here a comparison with the explicit correlators (4.25,4.42) might be instructive.
The other important question is to see how to set up the analogue of the ortho-conformal bootstrap. Work along these lines is in progress.
Appendix. Finite meta-conformal transformations
We provide the details for the explicit integration of the Lie series, in order to construct the non-infinitesimal, finite meta-conformal transformations. The results are included in table 1.
A.1 One spatial dimension
The Lie series F Y (ε, t, r) = e εYm F (0, t, r) and F X (ε, t, r) = e εXn F (0, t, r) are solutions of the two initial-value problems eqs. (2.1a,2.1b), subject to the initial conditions F X (0, t, r) = F Y (0, t, r) = φ(t, r). It turns out, however, that the calculations are simplified with the new coordinate ρ := t + µr.
We begin by finding F Y = F (ε, t, ρ). The initial-value problem (2.1a) simplifies to ∂ ε + µρ m+1 ∂ ρ − (m + 1)γρ m F (ε, t, r) = 0 , F (0, t, ρ) = φ(t, ρ) (A.1)
Following [44] , the change of variables F (ε, t, ρ) = G(ε, t, v), where v = ε + 1/(mµρ m ), reduces this to where in the second line we give the corresponding transformation of the coordinates.
The second initial value problem (2.1b) for F X = F (ε, t, ρ) becomes
With the change of variables F (ε, t, ρ) = G(ε, u, v), where u = ε + 1/(nµt n ) and v = ε + 1/(nµρ n ), this becomes 
The finite transformation generated by A n are obtained from the following initial value problem
β ∂z + (n + 1)δt n F (ε, t, z,z) = 0 , F (0, t, z,z) = φ(t, z,z) (A.10)
The change of variables F (ε, t, z,z) = G(ε, t, w,w), where w = t + βz,w = t + βz cast this into the form (∂ ε + t n+1 ∂ t + (n + 1)δt n )G(ε, t, w,w) = 0 , G(0, t, w,w) = φ(t, w,w).
(A.11)
Another change of variables G(ε, t, w,w) = H(ε, u, w,w) with u = ε + t −n /n allows us to write instead The coordinate transformations in terms of t, z,z are easy obtained from the above and read
These take the form of conformal transformations in time and time-dependent translations in the spatial coordinates z,z.
